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ABSTRACT. – We state the Eilenberg–Zilber type theorem for the product of two
small categories and consider the Bredon homology of an equivariant space with local
coefficients in the light of homologies of small categories. Then, in particular, an exterior
product, Künneth formula and cap-product for the Bredon Homology of equivariant
spaces with local coefficients are established. Ó Elsevier, Paris
One of the main methods in the calculation of singular homology
groups with constant coefficients of the product of spaces is the Künneth
formula for homology derived from the Eilenberg–Zilber Theorem. On
the other hand, in [2,7] a Künneth formula for homology of spaces
with coefficients given by a sheaf is shown and in [13] (Chapter 5,
p. 282) the Eilenberg–Zilber Theorem for the product of spaces with
local coefficients is claimed. The purpose of this paper is to search for
a generalized Eilenberg–Zilber type theorem for the product of two small
categories and then derive an exterior product, Künneth formula and cap-
product for the Bredon homology with local coefficients.
This work is divided into two sections. In [11] Bredon cohomology
of a G-space X has been defined in terms of cohomology of categories.
Therefore in Section 1, as preliminaries, we examine homologyH∗(C,F )
of a small category Cwith a coefficient given by a functor F :C→ RMod
to left R-modules, where R is a ring. We mimic the Acyclic Model
Theorem proof (see, e.g., [10, Chapter VIII]) to show the Eilenberg–
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Zilber Theorem (Corollary 1.2) for a product of two small categories with
coefficients. Then, we derive the exterior product and the cap-product
formula for the homology of small categories and deduce in Corollary 1.3
a Künneth formula. In particular, we can get that formula for homology
of groups (with twisted coefficients).
In Section 2 we follow [11] to associate with a G-space X a
small category ∆˜G(X) and for a functor F : ∆˜G(X) → RMod (as a
coefficient) define Bredon homology HG∗ (X,F ) = H∗(∆˜G(X),F ). For
a functor F :O(G) → RMod form the category O(G) of canonical
orbits, there is the induced functor F˜ : ∆˜G(X)→ RMod obtained by the
composition of F with the natural projection ∆˜G(X)→ O(G). Thus,
from Proposition 2.2 one may deduce an isomorphism
HG∗ (X, F˜ )∼=HG∗ (X,F )
with the singular Bredon homology groups HG∗ (X,F ) defined by
Bröcker in [3]. Then, we make use of the Grothendieck spectral sequence
(see, e.g., [6], Appendix II, Theorem 3.6) to establish an isomorphism
H∗
(
∆˜G(X×X′),F × F ′)∼=H∗(∆˜G(X)× ∆˜G(X′),F ⊗R F ′).
Next, we apply the results from Section 1 to derive in Theorem 2.1 a
Künneth formula for homology ofG-spaces with coefficients. Finally, the
Bredon homology of a G-space with G-local coefficients is considered
and an appropriate Künneth formula presented. We also establish the cap-
product formula, for this homology which has been examined in another
light in [8] but for connected non-equivariant CW -spaces only.
1. Categorical background
Let [n] be the category determined by the ordered set {0< 1< · · ·< n}
for n > 0. Write RMod, ModR and RModR for the categories of
unital left, right and bimodules over R respectively, where R is a ring
with identity. For a small category C let RMod(C), ModR(C) and
RModR(C) denote the categories of covariant functors from C to an
appropriate category of R-modules. Call objects of these categories
C-systems of R-modules. For a fixed object C ∈ Ob(C) and n > −1
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define an R-bimodule
CRn (C)(C)=
⊕
σ : [n+1]→C
σ(0)=C
Rσ ,
where Rσ =R. Put uσ (C) :R→ Cn(C)(C), for the canonical imbedding
associated with a functor σ : [n + 1] → C. For the increasing injection
εi : [n]→ [n+ 1] which does not take the value i ∈ [n], consider the map
di(C) :CRn (C)(C)→ CRn−1(C)(C), 16 i 6 n+ 1,
determined by the commutative diagrams
CRn (C)(C)
di(C) CRn−1(C)(C)
R
uσ (C)
R,
u
σεi
(C)
for all σ : [n+ 1]→C and n>−1. If
∂n(C)=
n+1∑
i=1
(−1)idi(C)
then it is well-known (see, e.g., [6, Appendix II]) that ∂n+1(C)∂n(C)= 0.
Moreover, for the nondecreasing surjection η0 : [n+ 2] → [n+ 1] which
takes twice the value 0 ∈ [n+ 1], consider the map
sn(C) :CRn (C)(C)→ CRn+1(C)(C)
determined by the commutative diagrams
CRn (C)(C)
sn(C) CRn+1(C)(C)
R
uσ (C)
R,
u
ση0 (C)
for all σ : [n+ 1]→C and n>−1. Then, we have
sn−1(C)∂n(C)+ ∂n+1(C)sn(C)= idCR∗ (C(C))
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so
CR∗ (C)(C)=
(CRn (C)(C), ∂n(C))n>−1
is a contractible chain complex of R-bimodules. For a functor σ : [n +
1] → C with σ (0) = C and a map α :C ′ → C, let σ ′ : [n + 1] → C
be the functor given by σ ′(0) = C ′, σ ′(0 < 1) = σ (0 < 1) ◦ α and
σ ′(k) = σ (k), σ ′(k < k + 1) = σ (k < k + 1) for k > 1. Thus, we get
an associated map
CRn (C)(α) :CRn (C)(C)→ CRn (C)(C ′)
determined by the commutative diagrams
CRn (C)(C)
CRn (C)(α) CRn (C)(C ′)
R
uσ (C)
R,
uσ ′ (C ′)
for all σ : [n+ 1]→C and n>−1. Finally, we obtain a functor
CRn (C) :Cop→ RModR
for all n > −1. Observe that maps ∂n(C) :CRn (C)(C)→ CRn−1C(C) for
C ∈ Ob(C) yield a natural transformation ∂n :CRn (C)→ CRn−1(C). Thus,
the chain complex
CR∗ (C)=
(CRn (C), ∂n)n>0
of Cop-systems over the category RModR with the map ∂0 :CR∗ (C)→
∆R is the standard R-projective resolution of the constant contravariant
functor ∆R on the category C determined by the ring R. Observe that for
a functor F :C→ C′ there is a map F∗ :CR∗ (C)→ CR∗ (C′) ◦ F ; a natural
transformation F → F ′ of functors F,F ′ :C→ C′ determines a chain
homotopy between maps F∗ and F ′∗. In particular, is C is a category with
a terminal object C0 then there is a pair of adjoint functors
α :C ∗ :β
with αβ = id∗, where ∗ is the single object category and β(∗) = C0.
Thus, we get a natural transformation idC→ βα. Therefore, the chain
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complex of Cop-systems ∂0 :CR∗ (C)→∆R is contractible. Then, we are
in a position to derive a generalization of the Eilenberg–Zilber Theorem
(see, e.g., [10, Chapter VIII]).
PROPOSITION 1.1 (Eilenberg–Zilber). – For small categories C and
C′ there exist natural chain homotopy equivalences
Φ∗ :CR∗ (C×C′) CR∗ (C)⊗R CR∗ (C′) :Ψ∗.
Any two such natural maps Φ∗ and Ψ∗ are chain homotopic via a
homotopy which is natural.
Proof. – We present an essential step only because the rest of the
proof imitates acyclic model methods (see, e.g., [5, Chapter VI] or [10,
Chapter VIII]). Note that CR0 (C× C′)= CR0 (C)⊗ CR0 (C′); hence we can
choose maps Φ0 and Ψ0 to be the identity in dimension zero. Suppose
by induction on n that Φq and Ψq are already defined for all q < n with
∂Φq =Φq−1∂ and ∂Ψq = Ψq−1∂ . We wish to define first Φn with ∂Φn =
Φn−1∂ . For (C,C ′) ∈ Ob(C×C′) and a functor (σ, σ ′) : [n+1]→C×C′
with σ (0) = C and σ ′(0) = C ′, let u(σ,σ ′) :R→ CRn (C × C′)(C,C ′) be
the canonical embedding. Then, Φn−1∂u(σ,σ ′) is already defined and it
is a cycle in the chain complex CR∗ ([n + 1]) ⊗R CR∗ ([n + 1]) which is
acyclic as the tensor product of two acyclic complexes, since n + 1
is the terminal object in the category [n + 1]. If s∗ = {sk}k>−1 is a
contracting homotopy of the chain complex CR∗ ([n+ 1])⊗R CR∗ ([n+ 1])
then ∂sn−1(Φn−1∂u(σ,σ ′))=Φn−1∂u(σ,σ ′). But the functor
(σ, σ ′) : [n+ 1]→C×C′
determines a map
σ∗ ⊗R σ ′∗ :CR∗
([n+ 1])⊗R CR∗ ([n+ 1])→ CR∗ (C) ◦ σ ⊗R CR∗ (C′) ◦ σ.
Then, we define Φnu(σ,σ ′) = (σ∗ ⊗R σ ′∗)(sn−1Φn−1∂u(σ,σ ′)).
The definition of Ψn is analogous. To establish chain homotopies
Φ∗Ψ∗ ' idCR∗ (C)⊗RCR∗ (C′) and Ψ∗Φ∗ ' idCR∗ (C×C′) we also use exactly the
same methods as above. 2
Observe that explicit formulas for Φ∗ and Ψ∗ can also be found in a
routine way (see, e.g., [5, Chapter VI] and [10, Chapter VIII]).
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For a pair (C,F ) and n > 0, where C is a small category and F
a C-system of left R-modules define a chain complex of R-modules
CR∗ (C,F )= CR∗ (C)⊗C F , where ⊗C is the tensor product of C-systems.
Then, it is easy to see that
CRn (C,F )=
⊕
σ : [n]→C
Fσ(0)
for all n > 0. Homologies Hn(C,F ) = Hn(CR∗ (C,F )) are called the
homology groups of C with coefficients in F , for n > 0. For small
categories with systems (C,F ) and (C′,F ′) of right and left R-modules,
respectively consider the tensor and torsion products
F ⊗R F ′,F ? F ′ :C×C′ → ZMod
of systems F,F ′ given by
(F ⊗R F ′)(C,C ′)= F(C)⊗R F(C ′)
and
(F ?R F
′)(C,C ′)= F(C) ?R F ′(C ′)
for (C,C ′) ∈ Ob(C × C′), where Z is the ring of integers and ?R the
torsion product in the category of R-modules. It is easy to see that
CR∗ (C×C′)⊗C×C′ (F ⊗R F ′)∼= CR∗ (C,F )⊗R CR∗ (C′,F ′).
Thus, from Proposition 1.1 we obtain
COROLLARY 1.2. – For small categories with systems (C,F ) and
(C,F ′) of right and left R-modules, respectively there exist natural chain
homotopy equivalences
CR∗ (C×C′,F ⊗R F ′) CR∗ (C,F )⊗R CR∗ (C′,F ′).
Then, by [5] (Chapter VII, Section 2), we get the exterior homology
product
× :Hp(C,F )⊗R Hq(C′,F ′)→Hp+q(C×C′,F ⊗R F ′).
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Moreover, the torsion product CR∗ (C,F ) ?R CR∗ (C′,F ′) of chain com-
plexes is trivial provided F ?R F ′ = 0. By means of the standard homo-
logical argument, due to A. Dold, (see [5], Theorem 9.13, Chapter VI; cf.
also, e.g., [4], Chapter VII, Section 3, Corollary 4 in [13], Chapter V, Sec-
tion 3 and Theorem 10.4 in [10], Chapter V) the upshot of our discussion
can be summarized in
COROLLARY 1.3. – If R is a hereditary ring then for small categories
with coefficient systems (C,F ), (C′,F ′) of right and left R-modules,
respectively and such that F ?R F ′ = 0 then there exists a natural split
short exact sequence
0→ ⊕
p+q=n
Hp(C,F )⊕R Hq(C′,F ′)→Hn(C×C′,F ⊗R F ′)
→ ⊕
p+q=n−1
Hp(C,F ) ?R Hq(C′,F ′)→ 0,
for all n> 0.
For a Cop-system F of right R-modules, we can also form a cochain
complex C∗R(C,F )=HomC(CR∗ (C),F ) of right R-modules. Then, coho-
mologies Hn(C,F )=Hn(C∗R(C,F )) are called the cohomology groups
of the category C with coefficients in F for n> 0. From [5] (Chapter VII,
Section 1) we derive the evaluation map
e :C∗R(C,F )⊗R CR∗ (C)→ F
and by Proposition 1.1 the diagonal functor ∆ :C→ C× C yields a C-
chain map
D :CR∗ (C)
∆∗−−−→ CR∗ (C×C) Φ∗◦∆−−−→
(CR∗ (C)⊗R CR∗ (C)) ◦∆.
Thus, for a C-system F ′ of left R-modules we may consider the
composite map
C∗R(C,F )⊗R
(CR∗ (C)⊗C F ′)
→ C∗R(C,F )⊗R
(CR∗ (C)⊗R CR∗ (C)) ◦∆⊗C F ′
∼= ((C∗R(C,F )⊗R CR∗ (C))⊗R CR∗ (C))⊗C F ′
e⊗idF ′−−−→ (F ⊗R CR∗ (C))⊗C F ′.
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Passage to homology gives by [5] (Chapter VII, Section 12) the cap-
product
∩ :Hm(C,F )⊗R Hn(C,F ′)→Hn−m((F ⊗R CR∗ (C))⊗C F ′).
Moreover, if for every map α of the category C the map F(α) is invertible
then we can consider a C-system F−1 of right R-modules given by
F−1(C)= F(C) and F−1(α)= F(α)−1, for any object C and any map α
of the category C. Then,(
F ⊗R CR∗ (C)
)⊗C F ′ ∼= CR∗ (C)⊗C (F−1 ⊗R F ′)
and finally we get a map
∩ :Hm(C,F )⊗R Hn(C,F ′)→Hn−m(C,F−1⊗R F ′).
Observe that for a functor f :C→D there is a pair of adjoint functors
f ∗ :RMod(D) RMod(C) :f∗
defined by
f ∗(F )(C)= F (f (C)) for F ∈Ob(RMod(D)) and C ∈Ob(C),
however
f∗(G)(D)= colim
f/D
Gγ ,
for D ∈ Ob(D) and G ∈ RMod(C), where f/D is the comma cate-
gory; its objects are pairs (C,α :f (C) → D) and morphisms from
(C,α :f (C)→ D) to (C ′, α′ :f (C ′)→ D) are maps β :C → C ′ such
that α′f (β) = α; the functor γ :f/D → C is given on objects by
γ (C,α) = C. Then, colimD f∗(G) = colimCG, hence for a functor
G :C→ RMod there is a Grothendieck spectral sequence [6, Appen-
dix II]
E2p,q =Hp
(
D,Hq(f/−,G)⇒Hp+q(C,G)),
whereHq(f/−,G) :D→ RMod is a functor such thatHq(f/−,G)(D)=
Hq(f/D,γ
∗G).
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2. Bredon homology with local coefficients
Let G be a discrete group and X a G-topological space. Write O(G)
for the category of canonical orbits. The Bredon cohomology of X with
local coefficient systems has been defined in [11] as cohomology of a
certain category ∆G(X) with a coefficient system. Recall that objects of
∆G(X) are G-maps σ :G/H × ∆n→ X, where ∆n is the standard n-
simplex and H ⊆G a subgroup of G; maps from (σ :G/H ×∆m→X)
to (τ :G/K × ∆n → X) are pairs (φ,α) with a G-map φ :G/H →
G/K and a simplicial map α :∆m → ∆n such that τ(φ × α) = σ .
Equivalently, the category ∆G(X) is defined in [11] by the Grothendieck
construction. Namely, for a topological space T let ∆(T ) be a category
with objects given by maps ∆n→ T for n> 0; maps from (σ :∆m→ T )
to (τ :∆n → T ) are simplicial maps φ :∆m → ∆n such that τφ = σ .
Then, ∆G(X) is the Grothendieck construction
∫
O(G) ∆(X
−) of a functor
∆(X−) :O(G)→Cat into the category of small categories Cat such that
∆(X−)(G/H)=∆(XH), for G/H ∈ Ob(O(G)).
We define dually the Bredon homology with a coefficient system.
Let ∆˜G(X) = ∫O(G) ∆˜(X−) with the functor ∆˜(X−) :O(G) → Cat
given by ∆˜(X−)(G/H) = ∆(XH)op, for G/H ∈ Ob(O(G)). A functor
F : ∆˜G(X) → RMod is said to be a coefficient system on X; the
Bredon homology HG∗ (X,F ) of X with coefficients in F is defined
as HG∗ (X,F ) = H∗(∆˜G(X),F ). For a functor F :O(G) → RMod,
there is the induced functor F˜ : ∆˜G(X) → RMod obtained by the
composition of F with the natural projection ∆˜G(X)→ O(G). Thus,
from Proposition 2.2 one shall deduce an isomorphism HG∗ (X, F˜ ) ∼=
HG∗ (X,F )with the singular Bredon homology groups HG∗ (X,F ) defined
by Bröcker in [3].
For G-spaces X,X′, let p :X×X′ →X and p′ :X×X′ →X′ be the
projection maps. Then, functors
F : ∆˜G(X)→ModR and F ′ : ∆˜G(X′)→ RMod
yield a functor F × F ′ : ∆˜G(X×X′)→ ZMod such that
(F × F ′)(σ )= F(pσ)⊗R F ′(p′σ ),
for σ :G/H ×∆n→X×X′. Then, we are in a position to state the main
result.
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THEOREM 2.1. – Let X,X′ be G-spaces, where G is a discrete group
and F : ∆˜G(X)→ModR, F ′ : ∆˜G(X′)→ RMod coefficient systems of
right and left R-modules, respectively and such that F ?R F ′ = 0. If R is
a hereditary ring then there exists a natural split short exact sequence
0→ ⊕
p+q=n
HGp (X,F)⊗R HGq (X′,F ′)→HGn (X×X′,F ×F ′)
→ ⊕
p+q=n−1
HGp (X,F) ?R H
G
q (X
′,F ′)→ 0,
for all n> 0.
Proof. – Observe that from [9] one may deduce that the functor
f = (∆˜G(p), ∆˜G(p′)) : ∆˜G(X×X′)→ ∆˜G(X)× ∆˜G(X′)
determined by the projection maps p :X×X′ →X and p′ :X×X′ →X′
is a weak equivalence of small categories. Hence by [12], the comma
category f/D is contractible, for any object D in the category ∆˜G(X)×
∆˜G(X
′). Therefore, Hn(f/D,F)= 0, for any functor F :f/D→ RMod
and n > 0, and the induced functor
f∗ :ZMod
(
∆˜G(X×X′))→ ZMod(∆˜G(X)× ∆˜G(X′))
is exact. But f∗(F × F ′) = F ⊗R F ′, hence the Grothendieck spectral
sequence yields an isomorphism
Hn
(
∆˜G(X×X′),F × F ′)∼=Hn(∆˜G(X)× ∆˜G(X′),F ⊗R F ′).
Finally, the result follows from Corollary 1.3. 2
Let now ∆ be the simplicial category; its objects are given by
the ordered sets [n] = {0 < 1 · · · < n}, for n > 0 and morphisms
by monotonic maps [m] → [n]. Then, for any G-space X there is a
projection functor pi : ∆˜G(X) → ∆op and, for any object [n] in the
category ∆ objects of pi/[n] are given by pairs (σ,µ) with
σ :G/H ×∆m→X
and a map µ : [n] → [m] in the category ∆. The canonical G-map
η :G→ G/H induces a map (σ,µ)→ (σ (η × id∆m)µ˜), id[n]) in the
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category pi/[n] and, for any functor F :pi/[n]→ RMod there is a natural
action of the group G on the R-module
⊔
σ :G×∆m→XF(σ, id[n]). From
the above, we derive an isomorphism
colimF ∼=
⊔
σ :G×∆n→X
F(σ, id[n])/G.
Thus, from the definition (presented in the previous section) of the
induced functor
pi∗ :RMod
(
∆˜G(X)
)→ RMod(∆op)
it follows its exactness. Hence, the Grothendieck spectral sequence yields
an isomorphism Hn(∆˜G(X),F ) ∼= Hn(∆op, pi∗F), for any coefficient
system F : ∆˜G(X)→ RMod. But from the definition of the functor pi∗,
one also gets that pi∗F :∆op→ RMod is a simplicial R-module CR∗ (X,F )
such that
CRn (X,F )=
⊕
σ : G/H×∆n→X
F(σ )/',
n > 0, where m ' F(τ)m for τ :G/K × ∆n→ G/H × ∆n, m ∈ F(σ )
and σ :G/H × ∆n → X. For a monotonic map α : [m] → [n], the
induced map CRα (X,F ) :CRn (X,F )→ CRm(X,F) is determined by the
commutative diagrams
CRn (X,F )
Cα(X,F ) CRm(X,F)
F(σ )
uσ
F (α)
F (σα),
uσα
for all σ :G/H ×∆n→ X. Set H∗(X,F ) for its homology groups. On
the other hand from the methods used in [6] (Appendix II), we get an
isomorphism Hn(∆op, pi∗F) ∼= Hn(X,F), for all n > 0. Thus, we can
state
PROPOSITION 2.2. – For any G-space X and a coefficient system
F : ∆˜G(X)→ RMod, there is an isomorphism
Hn
(
∆˜G(X),F
)∼=Hn(X,F) for all n> 0.
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In particular, for a functor F :O(G)→ RMod let
FpX : ∆˜G(X)→ RMod
be the induced coefficient system, where pX : ∆˜G(X)→ O(G) is the
natural projection functor. Then, H∗(∆˜G(X),FpX) is isomorphic (cf.
[11]) to the Bredon homology H∗(X,F ) defined first in [1], for G-CW
spaces and then extended on any G-spaces by Bröcker in [3].
Another important category associated with a G-space X is the funda-
mental groupoid ΠG(X) of X defined in [11] as the Grothendieck con-
struction
∫
O(G) Π(X
−), where Π(X−) :O(G)→ Cat is a functor given
by Π(X−)(G/H)=Π(XH) with Π(XH) the fundamental groupoid of
the subspace XH , for G/H ∈ Ob(O(G)). Therefore, its objects are G-
maps x :G/H → X and maps from (x :G/H → X) to (y :G/K→ X)
are pairs (φ,α), where φ :G/H → G/K is a G-map and α is a G-
homotopy class of paths G/H × I → X from y to xφ, where I is the
unit interval. Set vn0 , for the 0-th vertex of the standard simplex ∆n. Then,
there is a canonical functor vX : ∆˜G(X)→ΠG(X) such that the diagram
∆˜D(X)
pX
vX
ΠG(X)
qX
O(G)
commutes and which sends an object (σ :G/H ×∆n→X) to (σ0 :G/H
→X), where σ0(gH)= σ (gH,vn0) for g ∈G and qX :ΠG(X)→O(G)
is the projection functor.
A functor F :ΠG(X)→ RMod is said to be a G-local coefficient
system on X. Then, the Bredon homology HG∗ (X,F ) of X with aG-local
coefficient F is defined as HG∗ (X,F ) = H∗(∆˜G(X),FvX). Therefore,
from our discussion above it follows that for a functor F :ΠG(X)→
RMod homology groups HGn (X,F) are isomorphic to homologies of the
chain complex CR∗ (X,F )= (CRn (X,F ), ∂n)n>0 with
CRn (X,F )=
⊕
σ : G/H×∆n→X
F(σ0)/',
TOME 123 – 1999 – N◦ 4
GENERALIZED EILENBERG–ZILBER TYPE THEOREM 297
where m ' F(τ)m for τ :G/K → G/H , m ∈ F(σ0) and σ :G/H ×
∆n→X. The map
∂n =
n∑
i=0
(−1)idi :CRn (X,F )→ CRn−1(X,F )
with di, 06 i 6 n, determined by the commutative diagrams
CRn (X,F )
di CRn−1(C,F )
F (σ0)
uσ
F [σ(τ
εi
)]
F(σα),
u
σεi
for all σ :G/H × ∆n → X and the i-face map εi :∆n−1 → ∆n. Here
τεi : I → ∆n is a path given by τεi (t) = (1 − t)vn0 + tεi(vn−10 ) for t ∈ I
and [στεi ] the homotopy class of the path σ (G/H ×τεi ) :G/H ×I→X.
From Theorem 2.1, we derive the following Künneth formula.
COROLLARY 2.3. – Let X,X′ be G-spaces with G-local coefficient
systems F :ΠG(X)→ModR, F ′ :ΠG(X′)→ RMod such that F ?RF ′ =
0 and F × F ′ :ΠG(X × X′)→ ZMod the induced G-local coefficient
system on X × X′. If R is a hereditary ring then there exists a natural
split short exact sequence
0→ ⊕
p+q=n
HGp (X,F)⊗R HGq (X′F ′)→HGn (X×X′,F × F ′)
→ ⊕
p+q=n−1
Hp(X,F) ?R Hq(X
′,F ′)→ 0.
Let now X be a G-space and
F :ΠG(X)
op→ModR, F ′ :ΠG(X)→ RMod.
Then, from the previous section we derive the cap-product for the Bredon
homology with local coefficients
∩ :HmG(X,F)⊗R HGn (X,F ′)
→ Hn−m((FvX ⊗R CR∗ (∆˜G(X)))⊗∆˜G(X) F ′vX).
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In particular, if G is the trivial group then a Künneth formula for
homology of spaces with local coefficients and the cap-product
∩ :Hm(X,F)⊗R Hn(X,F ′)→Hn−m(X,F−1⊗R F ′)
follow as well. The cap-product for homology of a connected CW -
space with local coefficients has been examined in [8] but in the light
of covering spaces.
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